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Abstract 

It was recently proposed that a large N limit of a family of minimal model CFTs 
is dual to a certain higher spin gravity theory in AdSa, where the 't Hooft coupling 
constant of the CFT is related to a deformation parameter of the higher spin algebra. 
We identify the asymptotic symmetry algebra of the higher spin theory for generic 
't Hooft parameter, and show that it coincides with a family of W-algebras previously 
discovered in the context of the KP hierarchy. We furthermore demonstrate that this 
family of W-algebras controls the representation theory of the minimal model CFTs 
in the 't Hooft limit. This provides a non-trivial consistency check of the proposal and 
explains part of the underlying mechanism. 
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1 Introduction 

Simplified versions of the AdS/CFT correspondence allow for a detailed study of holography 
that would be impossible in a full string theory setting. A promising approach along these 
lines is the investigation of higher spin theories of gravity in anti de Sitter space, which 
include a large (possibly infinite) number of fields with spins s = 2,3, . . . , N, including 
the graviton of spin s = 2. The higher spin fields take the place of string excitations. 
Holography in this context is, to some extent, a complicated but tractable field redefinition 
[|l|, 0]. This puts holography (in some special cases) on a footing similar to, say, Coleman's 
sine-Gordon/Thirring duality where operators of the two theories have a known one-to- 
one map, rather than the more mysterious strong-weak dualities of string theory. 

In four bulk dimensions, Klebanov and Polyakov conjectured a duality between 
Vasiliev's higher spin theory |] and the 0{N) vector model at its two isolated criti- 
cal points. Recently interest in higher spin dualities was renewed by detailed checks of the 
correlation functions . The bulk computations are difficult (though they can be simplified 
by a gauge choice |§]), partly because the action of the higher spin theory is unknown. 

In three bulk dimensions, the higher spin theory is much simpler. The massless sector is 
described semiclassically by the Chern-Simons action, and thus the graviton and its higher 
spin cousins have no propagating modes. Furthermore, the dual CFT is two dimensional 
and therefore subject to the strong constraints of the Virasoro algebra and its higher spin 
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analogs, the W-algebras. This allows for full control of the dual CFT for all values of the 
coupling A, without supersymmetry. 

The prime examples of exactly solvable interacting CFTs in two dimensions are the Vi- 
rasoro minimal models, with central charge c < 1. These theories, which include experimen- 
tally relevant systems such as the Ising model, are not dual to any semiclassical gravity-like 
theory in AdSa because they do not have enough degrees of freedom to account for the 
large Brown-Henneaux central charge of AdSs gravity, c = 3£/2G ^ 1, where ^ is the 
AdS radius and G is Newton's constant. In other words, they have small A^. However, the 
underlying Virasoro symmetry can be extended to a larger Wiv-symmetry with conserved 
currents of dimensions s = 2,...,N. (The pure Virasoro symmetry is then simply W2.) 
The corresponding generalization of the Virasoro minimal models, called the WAr-minimal 
models, allow for a large- A^ limit and therefore for a potential interpretation as gravity in 
AdSa. Other solvable CFTs admitting large A^ limits were discussed recently in [ p!0[| . 

Following the appearance of W-symmetry in the asymptotic algebra of AdSa higher spin 



theories 12, O, it was proposed that a particular AdSs higher spin theory together with 



a pair of massive complex scalar fields is dual to the Wat minimal models at large A^ [|14 
Just like the Virasoro minimal models, the Wn models are parametrized by a level k. The 
large A^ limit of is taken in such a way that the 't Hooft couphng, defined by 

is held fixed. The dual bulk theory has an infinite tower of massless higher spin fields as well 
as two complex scalars with masses 

= A^ - 1 . (1.2) 



The partition functions of the two theories were compared in [|1^ , and the first few terms (as 
an expansion in the modular parameters q and q) were found to match precisely at arbitrary 
't Hooft coupling A. 

This can be compared to the string theory realization of AdS3/CFT2 where the boundary 



theory is the D1-D5 CFT |I6| . This theory has a simple point in moduli space, the orbifold 
point, where many quantities can be computed explicitly. However to compare to the gravity 
theory, the results must be extrapolated to strong coupling, and thus only certain protected 
quantities can be expected to match. In our context of minimal model holography, the CFT 
can be solved for any value of the 't Hooft parameter, and can be directly compared to the 
bulk. We should note that, at least on the face of it, minimal model holography is only 
expected to be exact in the large A^ limit (possibly including 1/A^ corrections on both sides), 
but does not hold directly at finite A^. For example, it is not clear if or how black holes are 
captured by the finite A^ minimal model |jl^ . 



In this paper we give further evidence for the minimal model holography of [Q. To this 
end we study the higher spin bulk theory whose massless sector is described by the Chern- 
Simons theory based on the infinite-dimensional Lie algebra hs[A]. (hs[A] is the higher spin 
analogue of sl(2) which in turn is relevant for the description of pure gravity on AdSa; the 
Chern-Simons theory based on hs[A] describes the massless sector of the bulk theory in 
|T^.) For general 't Hooft parameter A we analyze the asymptotic symmetry algebra of this 
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bulk theory, generalizing the analysis of [rT| and for A = ^ and X = N, respectively. 
We show that, for general A, the resulting algebra agrees with (two copies of) a specific 
Woo [A] algebra that has been previously constructed in the context of integrable systems 
by Figueroa-O'Farrill, Mas, and Ramos [0 and independently by Khesin and Zakharevich 
|19| , pO[| . This W-algebra has generating fields of dimension s = 2,3,..., which extends 
hs[A] much like the Virasoro algebra extends sl(2). The algebra is in general nonlinear, 
meaning the commutation relations involve polynomials in the generating fields; an explicit 
description is given in appendix ^. 

The algebra Woo [A] is in fact related to various Woo-algebras that have appeared in the 
literature before. When A = 1, all nonlinearities can be removed by a change of basis, and 



the algebra becomes the well known linear Wg^ algebra of Pope, Romans and Shen [21 



When X = N, the trace that appears in the Chern-Simons action degenerates and all fields 
of spins s > N should be removed; the bulk theory then reduces to sl(A^) Chern-Simons 
theory and the boundary algebra becomes Wn P^ . 

Given the usual AdS/CFT dictionary, the Woo [A] algebra should now control the spec- 
trum of the dual CFT. The representation theory of Woo [A] is largely determined by the 
representation theory of the global part hs[A] of the bulk symmetry, since hs[A] can be iden- 



tified with the so-called 'wedge algebra' whose general construction was explained in 



We give fairly non-trivial evidence that the large- 't Hooft limit of the Wat minimal model 
representations come indeed from representations of hs[A]. In particular, we show that the 
eigenvalues of the spin-3 zero mode agree (up to some overall normalization which is am- 
biguous) on the simplest representations. Furthermore we demonstrate that the characters 
of these Woo [A] representations reproduce precisely the characters of the corresponding Wat 
minimal model representations in the 't Hooft limit whose first few terms were determined 
in 
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The results of this paper therefore explain part of the match found in [|T^. More im- 
portantly, the detailed understanding of the symmetries provides a framework to analyze 
the bulk/boundary map in more detail. The full partition functions compared term-by-term 
in [|14| were organized into representations of sl(2); rearranging the results to be manifestly 
hs [A] -invariant greatly simplifies the task of proving equality to all orders P3 . 



The paper is organized as follows. In section we review the higher spin algebras 
hs[A], general properties of W-algebras, and the identification of the higher-spin algebra 
as the global or 'wedge' component of a W-algebra; everything in section ^ is review. In 
section ^ we compute the asymptotic symmetries of the hs[A] higher spin theory, derive the 
resulting algebra Woo [A], and describe the relation of Woo [A] to various Woo-algebras that 
have appeared in the literature. In section ^ we give evidence that the global symmetries of 
the boundary CFT are indeed hs[A]. Some details about the structure of the hs[A] algebra 
are given in appendix 0, and the full commutation relations of Woo [A] are spelled out in 
appendix O. 



2 W-symmetry and Higher Spin Algebras 

Let us begin by reviewing higher spin algebras, W-algebras, and the connection between the 
two. 
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In ordinary AdSs gravity, the bulk isometries are the six generators of sl(2) © sl(2). 
Near the conformal boundary, these are enhanced to the Virasoro ©Virasoro symmetries 
of the dual CFT. Conversely, the exact symmetries of the bulk can be recovered from the 
CFT by starting with the Virasoro generators L„, L„ and restricting to the global subalgebra 
n = 0,±1. 

A similar relationship connects higher spin algebras to W-algebras. The analogue of the 
bulk isometries si (2) is the higher spin algebra hs[A]. It is an infinite-dimensional Lie algebra 
that has a simple description in terms of the universal enveloping algebra f/(sl(2)), as we 
shall review in Section |2.1| below. The symmetry algebra of the dual CFT {i.e. the analogue 
of the Virasoro algebra) is a W-algebra that we shall denote by Woo [A]. For a range of values 
of A, it can be understood as the 't Hooft large N limit of the minimal model WAr-algebras. 
For generic A it has non-linear commutation relations, as we shall demonstrate by an explicit 
calculation in Section ^. Because of these non-linearities, hs[A] is not a subalgebra of Woo [A]. 
However, even for non-linear W-algebras, there exists a standard construction by means of 
which one can associate the 'finite' or 'global' wedge algebra to it, i.e. the analogue of sl(2) 
for the case of Virasoro; this will be explained in Section |2.2| . 



2.1 Higher Spin Algebras hs[A] 

The one-parameter family of higher spin Lie algebras hs[A] has generators 

V: , s>2, \n\<s. (2.1) 
^o±i forms an sl(2) subalgebra under which has spin s — 1, 

[Vlv:] = {-n + mis-l))V:,^^. (2.2) 
(Bulk fields associated to will have spacetime spin s.) The full commutation relations 



are 



[V^, K*] = E 9ui^, n; X)V:+!-- (2.3) 

even 

with structure constants gf^{m,n; A) given in appendix ^ [ p^ . 

For the following another description of hs[A] will be important [^, ^ Consider 
the quotient of the universal enveloping algebra f/(sl(2)) by the ideal generated by (C2 — yul). 

Here C2 is the quadratic Casimir of sl(2); if we denote the generators of sl(2) by Jo, J± with 
commutation relations 

[J+,J_] = 2Jo, [J±,Jo] = ±J±, (2.5) 

then C2 is given by 

C2^j',-^iJ^J. + J^J^) . (2.6) 
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Unitary representations of sl(2) have C2 > — |, so we parameterize the Casimir as 

^^=\{\'-l). (2.7) 

The Lie algebra hs[A] can be identified (as a vector space) with a subspace of -B[/x], 

hs[A] ©C = . (2.8) 



The vector corresponding to C in ( p.8|) is the identity generator 1 of the universal enveloping 
algebra, which one may formally identify with V^^. The modes Vq^^ in the sl(2) subalgebra 
of hs[A] can be identified with Jo,±i; respectively, while for n >2 



.i_„(ri + s-l)! 



(2s -2)! 



J_,...[J_,[J_,j;-i]] . (2.9) 



s — 1 — n terms 



The vector space B[fi] in ( p. 41 ) is an associative algebra whose product we denote by -k. The 
Lie algebra structure of hs[A] ©C is then defined by the commutator [X, Y] = X -kY — Y -kX . 
Note that the identity generator 1 is central. On B[fi] we can define an invariant bilinear 
trace via 

triX ^Y) = X^Y\j^^, , (2.10) 

i.e. by retaining only the term proportional to 1. Since the trace is symmetric, the commu- 
tator of two elements in hs[A] then does not involve 1, and hence the Lie algebra is a direct 
sum of hs[A] © C. 

To get a feeling for the structure of hs[A] it is useful to work out the first few terms 
explicitly. For example we have 

Vi = J+J+ , V^^ = J- J- = \{J-J+ + Jo + 2 Jo Jo) = Jo Jo - 3^(A2 - 1) 

= JoJ+ + 2 J+ ) ^-1 = J- Jo + 2"^- ' 

(2.11) 

and the first few commutators are 

[Vi,V^] = 2Vi [Vi,V^]=4V,^ 

[Vi, V^,] = 6V,'- |(A2 - 4) V,' [Vi, m = 8V,'- ^X' - 4) V^ . ^''''^ 

It is easy to check that these coefficients agree with (^]3|). These identities suggest that for 
A = 2, the Lie algebra generated by V^ with s > 3 form a proper subalgebra of hs[A]. In 
fact, this is a special case of a more general phenomenon. If A = with integer N >2 then 
the quadratic form ( p.lO| ) degenerates |2^, p9| , 

tK^mKT) = for s> N . (2.13) 

This implies that an ideal xn appears, consisting of all generators V^ with s > N. Factoring 
over this ideal truncates to the finite algebra sl(A^), 

sl(A^) = hs[N]/xN {N>2) . (2.14) 
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Note that when A = 1, the quadratic form ( p^.lOD vanishes identically (as is obvious from its 
definition). However, one can rescale the trace by 1/(A — 1), and the result is non-degenerate. 
In fact, the resulting Lie algebra then agrees with the wedge subalgebra of as defined 

by Pope, Romans and Shen [^, see also and references therein. (As will be explained 
in more detail below, the W-algebra W^^^ is linear, and hence the modes with |n| < s 
form a subalgebra, which agrees with hs[l].) Note that A is the 't Hooft parameter of , 
so this case corresponds to the maximal coupling limit. 

We should also mention that for A = |, the algebra is isomorphic to the hs(l, 1) algebra 
as defined in 



31, 32, 27 



Blencowe defined the original theory of higher-spin AdSs 
gravity as a Chern-Simons theory with bosonic subalgebra hs(l, 1) © hs(l, 1). This is also 
the bulk algebra considered recently by Henneaux and Rey [pJ| . 

In the limit A — )■ oo the commutator algebra of sl(2) used in the construction ( |2.4D reduces 
to a classical Poisson bracket algebra The sl(2) generators Jo, J± (properly rescaled) 

can be considered coordinates on the 2d hyperboloid defined by C2 = 1. The hs[oo] algebra 
is then the Lie-bracket algebra of area- preserving diffeomorphisms of the hyperboloid H^. 
This can also be defined as an — )■ 00 limit of sl(A^), so 



hs[oo] = sdiS{H^) = sl(oo) 



(2.15) 



Finally, we should mention that for any value of A the zero modes Vq* all commute with 
one another. (This follows because in the quotient space B[fj] we may represent them in 
terms of polynomials of Jq.) Thus these algebras contain infinitely many commuting charges. 



2.2 W-algebras and Wedge Algebras 

W-algebras consist of the Virasoro generators L„ = at level 2, plus a tower of higher- 
dimension currents. For example, the family Wn has primary operators of dimension s for 
s = 2, 3, . . . , A^. Its commutation relations are nonlinear, so it is not a Lie algebra (when 
expressed in terms of these modes). The most familiar example is the famous VV3 algebra of 
for which the commutation relations are 

[W^W^] = ^,mim'-l)5^,.n + im-n)W^^^ (2.16) 
[WlW^] = 3%(m2-2)(m^-l)m5„ +^(m-n)(2m2-mn + 2n2-8)iy2^„ 

I 16 



[m — n 



22+5c 

where the Xm are some constants. The commutation relations are only known explicitly for 
Wn with A^ = 3 and A^ = 4. 

Because of the first term in the second line of [Wj^, W^], the W-algebra is not a (linear) 
Lie algebra. As a consequence the definition of the 'finite' or 'global' subalgebra requires 
some care. Naively, this subalgebra should consist of the modes that annihilate the vacuum, 
i.e. it should be generated by the 'wedge' modes with |?t,| < s. However, because of the 
non-linear term, the commutator of W2 with Wf, say, contains terms involving Wp with p 
arbitrary. Thus the above brackets do not close on the wedge modes. 
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Given the structure of the above algebra, it is not difficult to see how this can be repaired, 
at least in this case: the non-linear terms decouple if we take c — )■ oo, and the central terms 
do not contribute provided that we restrict ourselves to the wedge modes. For the case at 
hand, the wedge algebra is then simply 

[V^V^] = {m-n)Vl^^ (2.17) 

for 1 77, 1 < s, which is easily seen to be isomorphic to sl(3). 

The above construction was generalised by Bowcock and Watts |^ under some fairly 
mild conditions to general W-algebras. In particular, they showed that the wedge algebra 
of Wat is sl(A^). More generally, if VV(0) is the W-algebra constructed from a Lie algebra 
g by Drinfeld-Sokolov reduction ^ ^ of the affine algebra q, then the procedure of 
Bowcock and Watts gives back g, 

Drinfeld-Sokolov x Bowcock- Watts /r>io\ 
> W(0) > g . (2.18) 

The analysis of Bowcock and Watts was concerned with finite-dimensional Lie algebras g. 
In the current context, we are interested in the analogous statement for g = hs[A]. While 
a direct application of the Drinfeld-Sokolov reduction in this case is somewhat delicate, one 
can think of the Drinfeld-Sokolov reduction as describing the asymptotic symmetries of the 
corresponding Chern-Simons gravity theory. Thus we can determine Woo [A] starting from 
hs[A] by analyzing the algebra of asymptotic symmetries. In this context, the non-linearities 
will be related to the curvature of AdSa, and hence should disappear in the limit where the 
cosmological constant goes to zero, i.e. for c — )■ oo. Thus we expect that we can reobtain 
from Woo [A] the original higher spin algebra hs[A] by going to the wedge, i.e. that we have 

, rM Asymptotic symmetries c-s-oo , |n|<s , 

hs[A] — > Woo [A] hs[A] . (2.19) 

This is con&med in Section ^. By construction. Woo [A] describes the symmetries of the 
boundary CFT, while hs[A] is associated to the bulk symmetries. The physical origin be- 
hind this algebraic statement is therefore the usual relation between bulk and boundary 
symmetries. 

In the following we want to construct Woo [A] explicitly by calculating the Poisson brackets 
of the corresponding charges. Because it is realized by Poisson brackets, it is a classical W- 
algebra as in JIT], |T2|; for example, for W3 it differs from ( p.l6| ) by the quantum correction 
that shifts the denominator of the last term of ( p. 16 ), 5c — )■ 5c -|- 22. Note that this does 
not affect the wedge algebra. In Section ^, we shall show that the primary fields of the dual 
CFT proposed in indeed define representations of Woo [A]; this analysis essentially only 
relies on the structure of the wedge algebra hs[A]. 



3 Woo [A] from Asymptotic Symmetries 

In this section we generalize the asymptotic symmetry analysis of |T2| to a bulk theory 
of higher-spin gravity based on the algebra hs[A]. The results for sl(A^) [|12] and hs(l, 1) [Jll] 
can be recovered by setting A to special values as described in Section ^?T[ 
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The asymptotic symmetry algebra is the algebra of allowed, nontrivial symmetries of 
the theory. A symmetry is 'allowed' if it generates a transformation obeying the boundary 
conditions; it is 'nontrivial' if the associated conserved charge is nonzero. Because conserved 
charges are given by an integral over the boundary of a spatial slice, nontrivial symmetries 
are those that act at infinity. The commutation relations of the algebra follow from the 
Poisson bracket algebra of conserved charges. 

Before doing the detailed computation, let us describe the general structure that we 
expect. In any theory, the algebra of conserved charges is identical to that of the symmetries 
themselves, up to a possible extra term, 

{Q(A), Q(r)} = g([A, r]) + k{k, v) , (3.1) 

where A, F are gauge parameters, Q is the conserved charge, and K denotes the extra term. If 
the allowed gauge parameters A, F are field-independent, then i^' is a Q-independent central 
term. For pure gravity in AdSs, the allowed diffeomorphisms are indeed independent of the 
metric and K leads to the Brown- Henneaux central charge of the boundary Virasoro algebra 
p. More generally, the allowed gauge transformations can be field dependent, in which case 
K may depend nonlinear ly on Q, 

K{K, F) ~ nonlinear terms in Q + central terms . (3.2) 



For global symmetries of the bulk vacuum, in our case hs[A], the term Q([A,F]) in (|0 



IS 



again a generator of hs[A], while K has only nonlinear contributions. Thus the asymptotic 
symmetries form a nonlinear algebra whose linear, global part is hs[A], directly paralleling 
the discussion of section (The gauge-fixing procedure used to simplify the computation 
below obscures this relationship by introducing additional field dependence in the gauge 
transformations, but the structure ( |3.1|) is guaranteed to reappear in the final answer.) 

To compute the asymptotic algebra we apply the formalism of ^, ^ ^ to 
the Chern-Simons formulation of higher spin gravity. This is a topological theory with only 
boundary excitations. Although for holographic minimal models we are ultimately interested 
in a theory containing additional propagating scalars, we do not expect the scalars to affect 
the asymptotic symmetries for masses above the Breitenlohner-Freedman bound. The case 
= Mgp, or A = in the dual CFT, may allow for interesting modifications because the 
scalars have relaxed behavior at infinity ^ . Here we simply impose boundary conditions 



on the scalars that prevent any new contribution to the asymptotic charges. 
3.1 The Bulk Theory 

We consider a theory of higher spin gravity in AdSs given by the Chern-Simons action 

5 = 5cs[A]-5cs[i] , (3.3) 

with 

h r z' 9 \ 

(3.4) 



Scs[A] = ^jtT(^AAdA+'^AAAAA^ . 
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The level k here is related, but not equal, to the level k of the coset CFT on the boundary, 
see III]. {A, A) take values inQ 

hs[A] © hs[A] , (3.5) 



with generators 



, \n\<s 



Vi, \m\<t . 



(3.6) 



This theory was first defined in p7[, and the trace was derived in p8[, though we use the 



PRS formulation of the higher spin algebra as described in Section We focus on A, 
but similar statements hold for A. 



Following |TT], |T2[ , imposing the AdS boundary conditions and gauge fixing sets 

A+ = e-f^oa^T + (j))eP^o , A. = , Ap = e-P^^ dpCp^^ , (3.7) 
where T, (f) are boundary coordinates, p is the radial coordinate, A± = ± At-, and 



Itt 1 

a(T + ct^) = V^ + ^Yl W^^^^ + 



(3. 



The Ls are arbitrary functions which will be interpreted as currents of the dual CFT. From 
now on we work at fixed time T, so a = a(0), Lg = Ls{4>). The coefficient Ng chosen to 
normalize the currents in (|3.8|) is 



(3.9) 



Ng = tr(n+iK-i) • 
Ns is a rational function of A, see (|A.4| ) for the explicit formula. 



3.2 Gauge Transformations 

The hs[A] gauge symmetries of the form 

r(T + 0) = e-P^o^{T + (f))eP^o 
preserve the gauge fixing condition, and act on the gauge field as 

(5a = 7' + [a, 7] . 
At fixed time T = 0, let us expand them in components as 

s>2 |n|<s 

The highest-weight generators play a special role so we denote them by 

Tls{4>) = 7s,s-l(0) • 



(3.10) 



(3.11) 



(3.12) 



(3.13) 



^The bulk analysis is well defined for all A > 0, but to compare safely to the CFT one should restrict to 
< A < 1. 
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Gauge symmetries which do not vanish near the boundary are physical symmetries, relat- 
ing physically inequivalent states. These symmetries have corresponding conserved charges^ 



s>2 



Vs 



(3.14) 



These charges generate gauge transformations under Poisson brackets. That is, for any 
expression X given in terms of the phase space variables. 



{X,Q(7)} = 5,X. 



(3.15) 



The gauge parameters ■ys,n are not all independent, because we must also restrict to gauge 
transformations that maintain the boundary condition ( p.8|) . Plugging a general 7 ( p.l2|) into 

gives 



the transformation law ( p.ll[ ), and using the hs[A] commutation relations 

6a 



r>2 \n\<r 



(3.16) 



with 



271 



— kJy^ 

s>2 u * 



r+u—s 



(-s + l,n + s-l; A) . (3.17) 



The term containing 7r,n-i should be dropped if n = — r + 1, and the range of u is 

2s > M > max(2,s -r + |n + s - 1| + 1) , m G 2Z . (3.18) 
The boundary condition ( p.8| ) requires 

Cr,n = 0, riy^-r + l. (3.19) 
This infinite set of equations for the gauge parameters 7r,n can be solved iteratively in terms 



of the highest-weight gauge parameters rjr |]TT 



The existence of the conserved charges ( |3.14| ) indicates that the asymptotic symmetries 
form a W-algebra, with one current at each spin s > 2. The commutation relations of the 
W-algebra, 

{L,(0),Lt(0')} , (3.20) 
for given choices of s,t are computed as follows. First, keep rjs arbitrary but set all other 
rjr = 0, r s. Solve the equations (|3.19|) iteratively, fixing the ■jr,n as functions of the gauge 
parameter rig. Then from (|3.8| ) and (|3.16 ), the asymptotic symmetry algebra is 



6sLt = —NtCt-t+i{r]s) ■ 
Ztx 

This variation can be converted to a Poisson bracket using (p.l5| ) and ( p. 141 ), 



Zn 



(3.21) 



(3.22) 



^For field-independent gauge transformations, this would be Q{'y) = ^ / d(f>ti{aj). When the gauge pa- 
rameter is field-dependent, the Vi component of a must be dropped to ensure that the variation of this charge 
cancels the boundary term in the variation of the bulk generator of field-dependent gauge transformations. 
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3.3 The Structure of Woo [A] 

We now apply the procedure described above to compute structure constants of Woo [A]. We 
write the resuhs for SgLt to keep the formulae compact, but this can easily be converted to 
the commutator of currents using ( |3.22| ), or into commutators for the Fourier modes. For 
now we give only the results for low spins, but arbitrary spins will be considered from another 
angle in section 

As an example, first consider the action of the stress tensor s = 2. All A-dependence 
drops out, so this was computed in [0. The solution of (|3.19|) for r > 2 is 

-fr,n = (n > -r + 1) (3.23) 
27r 

kNr 

while for r = 2, 

/ ^TT 1 

72,0 = -V2 , 72,-1 = J—L2V2 + 7;V2 ■ (3-24) 

ki\2 

Plugging these into Cr-r+i and using ( |3.21|) gives the S2Lr variations written explicitly below. 

More generally, the solutions for ■jt,n depend on the structure constants g^{m,n; A) and 
therefore involve polynomials in A. The results for low spins are 

S2L2 = L'^ri + 2r^'L2-^r,"' (3.25) 
52Lt = L[7] + tr]'Lt {t>2) (3.26) 

63L3 = 4:LW + 2L'^r]-j^{15L'2v" + 9ri'L'^ + l0L2v"' + 2L'^ri) (3.27) 

qOtt r 
+—N,L2{L2vy + -—N.dlr^ 
c 2887r ^ 

Na 

6sL^ = 5L,r]' + 2r]L', + ^^{UL',y + Q^7]' + UL3v''' + vL'^) (3-28) 

-^^{25L,L',7] + 52L2L,r]' + l8L2L',r]) 
5c A3 

S^L, = QLev' + 2r]L'^ + -^{A5LW' + l5LW + Q0L,r]''' + 2L'i'r]) (3.29) 

5DA4 

+ ^^(3i:^V + 2L,L',r]) - ^^{7UL'2r, + I5L4L2V + AL2L',r,) . 



The schematic form of the first spin-4 variation is 

+ -gri-3, 0; X)L,L2V + ^(^2)^^ + ^^J^ , (3-30) 



where we have ignored derivatives and numerical factors except in the central term, but 
kept all A and c dependence. The subscript on r] has been suppressed; for spin-s variations 
SgLt, take t] to be rjg. Reversed variations, like 63L2, can be found by the same process, or 
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by converting ( ^.25[ )-( P.3(J| ) to Poisson brackets using ( |3.22| ), and then using ( |3.22| ) again to 



compute the variation; for example, 

SsL2 = 3W + 2L'^7] . (3.31) 
The first few A-dependent factors, defined in ( \i.9\ ) and ( [A .21 ), are 

Ns = ^g'(A^-4) (3.32) 

5 

N, = -^g^(A^-4)(A^-9) 
35 

= ^g^(A^-4)(A^-9)(A2-16) 
#(-3,0; A) = -g2(A2_i9). 

(Recall g is a normalization factor in the algebra that can be set to one.) 
The central charge of the Virasoro algebra 52-^^2 is 

c = 6k . (3.33) 



According to ( p.2(: ), the higher spin currents are Virasoro primaries. 



It is straightforward to convert to modes. To put the algebra in standard form with no 
central terms inside the wedge |?t,| < s, we first shift the stress tensor 

L2(0)^L2(0)-^. (3.34) 

We have checked that if we restrict to the wedge |n| < s and scale c — )■ oo to eliminate the 
nonlinear terms, then the variations above become the commutators ( |2.3| ) of hs[A] as required 
by the general discussion around (p.ll). This is the Bowcock- Watts procedure applied to the 



infinite Lie algebra hs[A], and demonstrates explicitly the relationship between Woo [A] and 
hs[A]. 

3.4 Linear Woo [A] at A = 1 

The Woo [A] algebra given above appears to be nonlinear, since quadratic and higher terms 
appear on the right-hand side. This nonlinearity stems from the fact that the allowed 
gauge transformations are field dependent. By contrast in ordinary AdSs gravity the Brown- 
Henneaux diffeomorphisms are fixed once and for all, and do not depend on the metric. 

To confirm that Woo [A] is truly nonlinear, we must check whether a redefinition of the 
currents can linearize the algebra. For example, in the [Ls,Ls] commutation relation ( |3.27| ), 
we can absorb the nonlinear term (-^2)^ into a redefinition of L4. There is no guarantee, 
however, that this will work for higher commutators. We will show that for generic A, 
Woo [A] is indeed truly nonlinear, but that for A = 1 the algebra linearizes after redefining 
the generators. In fact, it becomes the linear algebra W^^^ defined by Pope, Romans and 



Shen (see also [30| and references therein) 

Woo[l] = W™^ (3.35) 
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The wedge algebra of W^^^ (which in this case is actually a proper subalgebra since there 
are no nonlinearities) is hs[l]. In fact, the full commutation relations of W^^^ are given by 
(p.3|) with A = 1, where we now allow m,n to range over all integers instead of restricting 



to the wedge modes. For A 7^ 1, the hs[A] commutation relations ( |2.3| ) cannot be extended 
outside the wedge in this manner, as the resulting algebra would violate the Jacobi identity.^ 
Thus it is not surprising that we find a linear algebra at A = 1 and a nonlinear algebra 
otherwise. 

The linearization of the algebra relies on a large number of nontrivial cancellations in the 
commutators, which we have checked for {L3, L3}, {L4, L3}, {L5, L3}, {L4, L4} and {L5, L4}, 
fixing the redefined generators through spin 7. These commutators already greatly overcon- 
strain the field redefinitions required to define a linear algebra, so this strongly suggests that 
linearity continues to all orders. 

The redefined generators will be denoted Lg. No redefinitions are necessary for spin-2, 3 
other than a shift of the zero mode: 

~ k 

L2 = L2 - — , Ls = L3 . (3.36) 

OTT 



Consider {^3,^3} given in (|3.27|) . This is linear if we redefine 



Li = Li + (3Ll, /3 = -^q\\^ - 4) . (3.37) 

15A; 

Now consider 

{L4, L3} = {L4, Ls} - 2/3L2{L2 , ^3} . (3.38) 
The nonlinear terms must be absorbed into a redefinition of L5 of the form 

L5 = L5 + JL2L3. (3.39) 



Plugging into (|3.27|) and (|3.26|) we find 



(3 = -^^q\X'-9), 7 = y/3. (3.40) 

Comparing the restriction on /3 to ( p.37D , we see that the algebra cannot be linearized unless 
A = 1. Thus we set A = 1 and proceed, with coefficients so far 

5k 7k 
Next consider {Z/4 , L4}. Using ( p.22| ), this is related to the variation 

64L4 = 64L4 + 62L4 - 2/312(6412 + 62L2) (3.42) 



•^If the spin-1 current is included, then hs[0]®C can also be extended outside the wedge, resultmg m 
the Wf+^ algebra constructed in Q. Wf+^x) is related to >Voo[0] by a constraint that removes the spin-1 
current, introducing nonlinearities through the Dirac bracket procedure [|l8|; this is a special case of the 
general construction of Woo [A] described ij 
in a linear Woo algebra by twisting Wf^,^ 
to the nonlinear algebra constructed here. 



general construction of Woo [A] described in section 3.5 below. For other values of A, hs[A] can be embedded 
in a linear Woo algebra by twisting Wf^^^ [^,46, 47|, but the resulting algebras have no obvious connection 
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where we set 

V4 = V, V2 = -2PvL2 . (3.43) 
The right-hand side of (|3.42|) has 10 nonhnear terms, but all vanish at A = 1 if we choose 

-- 409607r2g4 640V f 5440V 12807rg\~,,2 
21A;2 3k 21k 21k 

102W? f„ 1024V -2 
21k 21k 

Similarly, the variation corresponding to {L5, L4} has 17 nonlinear terms which disappear 
at A = 1 if we define 

_ ,3.45) 

llA; 33A; 33A; 

3584V 5120V f f,/ 14336007rVf2f 6144 V f f 

life 33A: ' 33^2 ' ' llA; 

Having fixing the Lg generators for s < 7, we have fully determined all currents appearing 
in {1/5,1/3}. This is also linear. Note that inhomogeneous terms, like the last term in ( p.44|) 
and ( p.45| ), are allowed when going to a nonprimary basis and result in the expected {L2, Lq} 
and {L2, Lj} commutators. 

Converting the 6sLt variations to mode commutators gives precisely the W^^^ algebra 
discussed above. This is the natural linear extension of hs[l] outside the wedge, and provides 
a consistency check of our computation because W^^^ is known to satisfy the Jacobi identity. 



3.5 Full Commutation Relations at arbitrary A 

So far we have resorted to case-by-case computations at low spins, rather than attempting to 
find a general solution to the infinite system of equations ( |3.17| ) determining the asymptotic 
algebra. We will now demonstrate that after a change of basis, the low-spin commutation 
relations exactly match a one-parameter family of nonlinear Woo algebras discovered by 

^ The full 



Figueroa-O'Farrill, Mas, and Ramos and by Khesin and Zakharevich [p!9| , pOf 
commutation relations of this algebra are known, so this provides the explicit commutators 
of Woo IM f*^^ spins in closed form. 

n], |5^, a family of non-linear Wo, 



In E 



0[, building on |H8 



50 



algebras 

was proposed in the context of integrable systems and the KP hierarchy (a generalization of 
the KdV hierarchy). The construction starts with a one-parameter nonlinear algebra w/^^ 



with currents Ug of dimensions s = 1, 2, . . . . (The algebra W^^ is a Hamiltonian structure 
for the KP hierarchy and can be realized by pseudodifferential operators.) Imposing the 
second-class constraint Ui = and going to the induced Dirac brackets gives a nonlinear 

, denoted in |T8[. We claim that this algebra is identical to 



KP 



W-algebra of spins 2,3,. 
the asymptotic symmetry algebra of higher spin gravity. 



W£) ^ Woo[A] 



(3.46) 
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The first evidence for tliis isomorpliism comes from tfie degeneration points. It was observed 



m |T9l E0| tliat >V,^^ is a 'universal' W-algebra, in the sense that other known W-algebras 



m ^ ^ ^ ^ ^ ^ 

can be obtained by setting A to specific values. Setting A = 1 gives W™^, while setting 
X = N for integer N > 2 and constraining fields with spins greater than to vanish leads 
to Wn ■ The same is true for Woo [A] ; the case A = 1 was shown in section p.4| and the case 
X = N follows from ( p. 14 ) together with the results of [12 . 



This is suggestive, but to identify the two algebras we must compare the commutation 
relations as a function of A. The process is similar to checking linearity in section |3.4| so we 
will be brief. The W^'' commutators are [|T8| 

(3.47) 



{f/,(0) , f/i(0')} = i^st(0)5(0-0') 



where Pgt is a differential operator given in appendix p. This can be converted to variations 
SsUt using the first equality in ( |3.22|) . The action of the stress tensor U2 on higher spin fields 
indicates that they are not Virasoro primary, whereas we computed Woo [^] in a primary basis. 
Therefore to compare with the Woo [A] algebra (|3.25|) - (|3.30|) , we first go to a non-primary 
basis. 



Uo 



3 ; 



(3.48) 



Plugging this ansatz into ( |3.25|) -( p.30D and choosing the coefficients to reproduce the {U2,Us} 
commutators in ( p.47|) fixes all of the coefficients pi for spins s < 5, 

(3.49) 



L2 
L3 



U2 



2)U'2 



f/4 + -(3-A)f/^ + 
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(A-2)(A-3)f/; 



(A-2)(A-3)(5A + 7) 



f/5-^(A-4)f/I + ^(A 



+ 



3)(A 

(A-3)(A-4)(13 + 7A) 



10c(A2 
-2)(A 



[/2 
'^2 



1) 

3)(A-4)f/, 



((A-2)f/^-2f/3)t/2 



14c(A2 - 1) 

(The redefinition of Lg, which is also needed but will not be written explicitly, is fixed up to 
a single coefficient.) The fact that such a field redefinition is possible is already nontrivial. 
Now using the Woo[A] algebra (p.25|) -( p.30|) , we compute {U3 , t/3}, {[/s , t/4}, and {Ui^ , f/4}, 
and after fixing the final coefficient in the spin-6 operator, we find an exact match to ( p.47| ) 
including central terms. 

This exhibits the identity between Woo [A] and W^'' by a brute- force change of basis, but 
in fact it follows from the connection between the asymptotic symmetry computation and the 
Drinfeld-Sokolov reduction, which is in turn related to the integrability framework used to 
construct wi^\ As argued in |jl2|, imposing the AdS boundary conditions in the asymptotic 
^mmetry computation is equivalent to Drinfeld-Sokolov reduction of the current algebra 
hs[A] (the affinization of hs[A]). It was proven in that the Drinfeld-Sokolov reduction 
of hs[A] © C gives W^p, and so ehminating the spin-1 field corresponding to C leads to the 
relation ( p.46| ) found here..0 



*The argument of [p4| is quite different from wliat we liave done here, and actually involves some extension 
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4 The WoofAl CFT 



oo 

Now we want to switch gears and consider the problem from the point of view of the dual 
CFT. The above analysis suggests that the boundary CFT should have the W-algebra Woo [A] 
as its symmetry. Thus the states of this CFT must fall into representations of this algebra. 
Our goal is to provide evidence that the 't Hooft limit of the coset theory defining the 
minimal model CFT indeed satisfies this expectation, thereby providing a nontrivial check 
of the proposed duality. This check will be insensitive to the detailed structure of the 
nonlinear terms in Woo [A], so it should be considered a check on the global symmetries. 

Recall from |T4| that the Wat minimal model at level k is the conformal field theory 
based on the coset 

su{N)k®5uiN)i ^^^^ 



su{N) 



k+l 



The central charge of this CFT is 



and the representations that survive in the 't Hooft limit can all be obtained by taking 
successive tensor powers of the representations labelled by 

(0;f), (0,f), (f;0), (f;0). (4.3) 

Here (p; z/) labels the representation of the coset model with p being the representation 
of 5u{N)k, while u is the representation of su{N)k+i. f denotes the fundamental representa- 
tion of su{N), while f is the anti-fundamental representation, see for further details. In 
the 't Hooft limit, the conformal dimensions of the corresponding primary states are 

/i(0;f) = /i(0,f) = i(l - A) , /i(f;0) = /i(f;0) = |(1 + A) . (4.4) 

Furthermore, it was argued that their characters are of the form 

^ oo oo ^ 

X(0;f)(g) =X(0;f)(g) =g^^^-'^-^ nn (T^T^ ' (4.5) 

and 

^ oo oo ^ 

X(f;o)(g) = X(f;o)(g) = q^^^"^-^ jY—-^ n n 713^ • (4-6) 

^ s=2 n=s ^ ^ ' 

In the following we want to show that at least these four representations are indeed repre- 
sentations of Woo [A]. 



of hs[A] ® C whose direct interpretation in the current context is not clear to us. We thank the authors of 
p2| for bringing reference to our attention. 



16 



4.1 The Wedge Algebra 

In the 't Hooft limit, N ^ oo for fixed A, and hence c — )■ oo, see ([4.2| ). As was argued above, 
the subalgebra generated by with |n| < s then defines a closed subalgebra, namely the 
wedge algebra. Furthermore, for the case of Woo [A], the wedge algebra is precisely equal to 
hs[A]. 

Now suppose defines a primary state of the Woo [A] algebra. Then it must, in par- 
ticular, define a representation of hs[A]. Conversely, any representation of hs[A] gives rise 
to a representation of Woo [A] by the usual Verma module construction. This is to say, we 
postulate that (j) is annihilated by all positive modes, and define the Verma module to be 
the representation of Woo [A] that is generated by the action of the negative modes from 0. 
This is uniquely determined once we know the action of all zero modes on (p. For specific 
choices of the central charge the resulting Verma module may be reducible, but generically 
this representation of Woo [A] will be irreducible. 

The above statement may sound a bit abstract, but is familiar from many examples. 
For instance, for the case of a WZW model based on g, this is just the statement that the 
representation of g is uniquely characterized by a representation of the finite dimensional 
Lie algebra g on the highest weight states. The resulting representation generically does not 
have any null-vectors; they only arise if A; is a positive integer or an admissible fractional 
level. Similarly, a Virasoro highest weight representation is uniquely characterized by the 
conformal dimension. The only generic null vector appears for h = since then = 0. 

This null- vector is already visible within the wedge algebra. Apart from that, at fixed h 
there are only additional null vectors for specific values of the central charge c. 

Returning to the case at hand, we have a very explicit description of hs[A] as a quotient of 
the universal enveloping algebra of sl(2), see ( [^.4D , and we can hence study its representation 
theory directly. In particular, there is one simple class of representations of hs[A]: these are 
the representations of sl(2) for which the quadratic Casimir takes the value |(A^ — 1)! On a 
highest weight state, i.e. a state with J+0 = 0, with conformal dimension h, i.e. JqiP = h(j), 
the quadratic Casimir ( p.6|) takes the eigenvalue 



= /i (/i - 1)0 . (4.7) 

Thus has C2 = |(A^ — 1) ii h = h± = |(1 ± A). Let us call the corresponding states (j)±, 
i.e. 

J+(l)± = , Jo0± = h±(p± , with /i± = i(l ± A) . (4.8) 

Both 0-1- generate a representation of sl(2), that defines a representation of hs[A]. 

These two representations of hs[A] now correspond to the two representations that ap- 



peared in [|T4| 



0_^(O;f) and 0+ ^ (f; 0) . (4.9) 

(The reason why we group together this pair of representations will become clear momen- 
tarily.) These are not the only representations though. The wedge algebra hs[A] has the 
automorphism 

v: ^ i-iyv: , (4.10) 
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as follows immediately from the structure of the commutators in ( ^.31 ). This automorphism 
corresponds to 'charge conjugation'. As we shall see momentarily Vq has a non-trivial eigen- 
value on the above representations labelled by h±] thus the representations corresponding 
to 0± are not self-conjugate, and we need to introduce their conjugate representations 0± as 
well. This is mirrored by the fact that also the representations in ( [4.9|) are not self-conjugate; 



their conjugate representations are given by the other two representations that appeared in 

m 

0_^(O;f) and 0+ ^ (f; 0) . (4.11) 

4.2 Characters 

There is one simple consistency check one can immediately perform. Since the representa- 
tions (f)± and 0± are actually representations of sl(2), we know the characters of their hs[A] 
representations explicitly; it is simply given by 

x^M = XiM = jY^) ■ ^^-^^^ 

The associated representation of Woo [A] is then simply obtained by multiplying with the 
Verma module partition function coming from the negative modes that are 'outside' the 
wedge, i.e. the modes with n < —s. Thus the corresponding Woo [A] characters x</>±(Q') 
are then 



x<p±{q) = X4,±{q) = q ''^ x^±{q) x H 11 q- n\ ■ (^-i^) 

s=2 n=s ^ ^ ^ 

This then reproduces precisely ( [4.5|) and ( [4.6|) . 
4.3 The Spin 3 Zero Mode 

For the above argument it was important that the eigenvalue of V^^ does not vanish on the 
highest weight state. In fact, given ( p. 11]) it is easy to determine V^^ explicitly on (j)±, 



V^(P± = \h±{2h± + 1) 0± = 1(1 ± A)(2 ± A) 0± . (4.14) 

Unless A = 1 or A = 2 this does not vanish. 

Actually, we can test the above identification further by comparing these eigenvalues 
with the eigenvalue of the spin 3 mode of the coset algebra. (This will then also allow us 
to explain why the representations should be paired up as in ( [4. 9] ) and ( 4.11| ).) In the coset 



description the spin 3 field is the singlet in 5u{N)k®5u{N)i at conformal weight three that is 
primary with respect to the diagonal 5u{N)k+i algebra. Let us denote the modes of 5u{N)k 
by K^, while those of su{N)i will be denoted by J^. We make the ansatz for the singlet 
state at conformal weight three to be of the form 



W 



dabc(aiK\K\K'L^ + a2K\K\r^ + a^K\j\r^ + a^r^J^r^n , (4.15) 
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where dabc is the (unique) symmetric traceless invariant tensor of rank 3 for sl(A^) (with 
N > 3). The condition that W is primary with respect to su{N)k-\-i means that is must be 
annihilated by Kf + Jf for all d. Using the commutation relations 

[K:^, Kt] = fabcK:,+n + k m5'''5m,-n , [J^ 4] = /abc J^+„ + mS^'S^,.n , (4.16) 

this leads to the relations (see p5| ) 

3{k + N)ai + as = , {2k + N)a2 + (2 + A^)a3 = , ^03 + 3(1 + N)ai = , (4.17) 
where we have used the tensor identity (see for example [p6| , Appendix B]) 

dabcfdaefebg = N d^dg ■ (4.18) 

This determines the state uniquely, up to an overall normalization. In the 't Hooft limit we 
get (note that the term proportional to K ■ K ■ K drops out in this limit) 

w = rf.,e(3 ^^ _ ^^'^ _ Ki,K\r, - 3-^^^Ki,j\r, + . (4.19) 



Now we can evaluate the zero mode of this state on the primary states ( [4.3| ). For the states 
(0;f) and (0;f) this is straightforward since Kq = 0, and hence we simply get 

Wo(0; f ) = C(0; f ) , 1^0(0; f) = -C(0; f ) , (4.20) 

where C is an (unimportant) constant defined by 

dabcJS-Jo-Jo If) = C\i) , dabcJS-Jo-Jo 10 = 10 • (4-21) 

On the other hand, for the states (f; 0) and (f ; 0) the analysis is more subtle. In the first case, 
the ground states transform as [f,f] with respect to Kq, Jq, but since we are only interested 
in the singlet component with respect to the diagonal, we have Kq + Jq = 0. (Similarly, 
in the second case, the ground states transform as [f, f] with respect to Kq, Jq, and we are 
again only interested in the singlet component, i.e. the linear combination that is annihilated 
by Kq + Jq.) Using the singlet condition to replace Kq by Jq we then get 



A)(2-A) (1-A) 
+ A)(2 + A) 
;i-A)(2-A) 



-Cl]^'f^^'\m, (4.22) 



and similarly 



Wo{l, 0) = C ll^^ll^^^l (f; 0) . (4.23) 

Now we can compare these results with the action of Vq on the primary states (j)± and 
(f)±. A priori, we do not know how to fix the relative normalisation between V^^ and Wq. 
However, if we want to identify 0_ (0; f), see eq. ( |4.9| ), it follows that we must have 

^0^ = ^''^f'^^ Wo . (4.24) 
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Having fixed the relative normalisation, we can now compare the eigenvalues on the remaining 
states. In particular we find, using (|]2|) as well as and (142^ ), (|]2|) 



^o'(0;f) 
^o'(f;0) 
K.'(f;0) 



-(1-A)(2-A) (0;f) 
-(1 + A)(2 + A) (f;0) 
(1 + A)(2 + A) (f;0) . 



(4.25) 
(4.26) 
(4.27) 



Given ( |4.14| ) this is then in perfect agreement with the identifications ( |4.9| ) and ( [4.111 ). 

One may wonder whether one could repeat the analysis for the eigenvalue of the spin 
4 field, but it is not clear to us how to do this. On the hs[A] representations it is again 
straightforward to calculate the eigenvalues of Vq. This mode should now be identified with 
a zero mode of a spin 4 state in the coset theory. However, at conformal dimension four, 
there is the analogue of ( |4.15| ), but also the quasiprimary state associated to the normal 
ordered product of : LL :. In relating the mode Vq with the zero mode of the spin 4 state, 
there are then two unknown parameters (namely the coefficient in front of the analogue of 
( [4.15| ), and the coefficient in front of : LL :), and we cannot make any check, unless there is 
some independent way of fixing the normalizations. 
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Appendix 

A Structure Constants of Higher Spin Algebras 



The higher spin algebra hs[A] has commutators ( p.3|) with structure constants p4 | 



(m-1 

u-l 



1 



(Al) 



h—n \ / 



fe=0 
4-F3 



^ 2 + ^ 2 ^ 



[s - 1 + m]u-i-k[s - 1 - m]fc[t - 1 + n]k[t - 1 - nj^-i-k 
-A 



2—u 1—u 
2 ' 2 



U 



where [a]„ = r(a + 1) /r(a + 1 — n) is the descending Pochhammer symbol, q is an arbitrary 
number that can be scaled to g = 1, but it is useful to keep explicitly because q accounts for 
all possible rescalings of the generators consistent with the leading term in the commutator as 
well as the usual normalization of the sl(2) subalgebra and its action on higher spin generators 
^!2D. In the enveloping algebra construction (|2.9|), q 



i, whereas in the discussion of the 



A —7- 00 limit we scaled g ~ 1/A. In the comparison to W,^^ in section we have also set 
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A few special values of the structure constants are useful. For A = we have = 1 

and the algebra becomes hs(l, 1). In the asymptotic symmetry computation for general A, 
only structure constants with m = —s + 1 appear in ( |3.17| ), and these simplify to 

i-s + 1, n; A) = 2r(2. - .)r(l + n + t - n)r(n) " ^^"'^ 

The quadratic form ( p.lOp is exphcitly 

triVM = ^q^x^_if sit-iim,n,X) (A.3) 



-m— 1 



m,—n 



= (2g -2)! r(^ + m)r(s-m)r^. 

where (a)„ = r(a + n)/r(a) is the ascending Pochhammer symbol and the overall constant 
has been chosen to set 

tTiV^V\) = -1 . (A.5) 



B Full Commutation Relations of WoofA 



In this appendix we reproduce the commutation relations of the algebra w!^^ |[T8| which 
after the change of basis described in section is equivalent to Woo [M ■ The Dirac bracket 
of currents is ( p.47|) , where Pst{4>) has two contributions, 



The first contribution is the commutator of wj^p, including the spin-1 field, 



^KP 

St 



t-X-1 
t + u-1 



X — r 
s — r — u 



u=l 
gs+t-r-l 



u=l r=l 

s— 1 s—u 

A 



t- A- 1 
t + u — r — 1 



X 

s — u 



Ur 



u=l ■r=l 
, s— 1 s—u u+t—1 

u=l r=l p=l 



s — r — 1 
u-l 



t-X-1 
t + u — p — 1 



X — r 
s — r — u 



p ' 



(B.l) 



s— 1 s—u 

u=l r=l 

s t+u— 



21 



where d = d^, and currents are evaluated at 0. The second contribution, which comes from 
imposing the constraint Ui = and going to Dirac brackets, is 



HP.. = ^(-ir'(''"^"') ('"t"^)9*+'-' (B.3) 

r=2 u=2 ^ ^ ^ ^ 

It is was conjectured in [|18] that A is not a true parameter of the algebra W^'^, z.e., that 
different values of A are simply different choices of basis for the same algebra (except for 
integer values of A). However, after the reduction, A becomes a true parameter, and the 
algebras VV^^ are inequivalent for different values of A.[| 
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